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Abstract
We analyze the problem of distributed power allocation for orthogonal channels by considering a non-cooperative
game whose strategy space corresponds to the users’ distribution of transmission power over the network’s channels.
When the channels are static, we find that this game admits an exact potential function and this allows us to show
that it has a unique equilibrium almost surely. Furthermore, using the game’s potential property, we derive a modified
version of the replicator dynamics of evolutionary game theory which applies to this continuous game, and we show
that if the network’s users employ a distributed learning scheme based on these dynamics, then they converge to
equilibrium exponentially quickly. On the other hand, a major challenge occurs if the channels do not remain static
but fluctuate stochastically over time, following a stationary ergodic process. In that case, the associated ergodic game
still admits a unique equilibrium, but the learning analysis becomes much more complicated because the replicator
dynamics are no longer deterministic. Nonetheless, by employing results from the theory of stochastic approximation,
we show that users still converge to the game’s unique equilibrium.
Our analysis hinges on a game-theoretical result which is of independent interest: in finite player games which
admit a (possibly nonlinear) convex potential function, the replicator dynamics (suitably modified to account for
nonlinear payoffs) converge to an ε-neighborhood of an equilibrium at time of order O(log(1/ε)).
Index Terms
Non-cooperative games; Nash equilibrium; potential games; power allocation; replicator dynamics.

I. Introduction
As a result of the decentralized nature of future and emergent wireless networks, game theory has become an
important tool to describe and analyze distributed resource allocation problems in which wireless nodes cannot be
assumed to adhere to centrally controlled protocols. The main focus of these considerations has been to devise
policies and algorithms that the network’s nodes can use to optimize their resources (power, bandwidth, etc.) on
their own, so, following [1], the main questions that arise are a) whether there exist “equilibrial” policies which
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on Flexible Radio in Supélec, Gif-sur-Yvette, France; A. L. Moustakas with the Physics Department of the National and Kapodistrian University
of Athens, Greece; and S. Lasaulce with the Laboratoire des Signaux et Systèmes, Supélec, Gif-sur-Yvette, France.
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are stable against unilateral deviations; b) whether these (Nash) equilibria are unique; and c) whether they can be
reached in short enough time by distributed learning algorithms which require only local information.
Accordingly, an important paradigm which has attracted significant interest in the literature concerns the allocation
of transmission power over orthogonal communication channels – see [1–3] for a survey. From the point of view of
centralized wireless systems, this has been a relatively well-studied subject, especially with respect to optimal power
allocation schemes which allow users to reach the boundary of the rate region assuming full channel knowledge
and centralized control [4, 5]. On the other hand, more recent examinations focus on reaching socially stable power
allocations [6–10], because, even if the globally optimal, capacity-achieving power allocation is known, it might be
unstable under unilateral deviations by selfish users (and thus useless in a decentralized setting).
In this paper, we consider the problem of uplink communication in multi-user networks composed of possibly
several receivers that operate on distinct, non-interfering channels, and we focus on giving definitive answers to
points (a)–(c) above, analyzing the the equilibrial structure of the problem and its convergence aspects. Despite its
apparent simplicity, this parallel multiple access channel (PMAC) model has several relevant applications such as,
for instance, in 802.11-based wireless local area networks (WLANs) which include several non-overlapping channels
over which the users need to independently optimize their uplink transmission powers [11] (a special case of
the need to have simultaneously connected users that upload information over several overlapping heterogeneous
wireless networks [12, 13]). Furthermore, the PMAC model can be applied to distributed (or partially distributed)
soft handoffs in cellular systems [14], distributed power allocation in digital subscriber lines (DSLs) [7], and, finally,
it may also form the basis of throughput-maximizing power control in multi-carrier code division multiple access
(CDMA) systems [8].
Our analysis will focus on the simple single-user decoding (SUD) scheme in which the transmitted signal of each
user is decoded separately by the receiver(s) by treating the incoming signal of other users as additive (Gaussian)
noise. The main reason why we are using SUD instead of successive interference cancellation (SIC) is that the
former is known to have lower decoding complexity and signalling overhead than the latter – a consequence of
SUD

not having to broadcast the decoding order to the transmitters [15]. In addition however, there is also the

important limitation that the equilibrial structure of the corresponding PMAC model using SIC instead of SUD is not
well-understood even for static channels (let alone for stochastically fluctuating ones).
In a series of related papers [9, 10], Scutari et al. studied non-cooperative power allocation games in the context
of static Gaussian interference channels (ICs). There, the existence of a Nash equilibrium (in the “pure” sense of
Rosen [16]) is a consequence of the convexity properties of the users’ achievable rate functions and follows directly
from Theorem 1 in [16]. In fact, under suitable (but somewhat stringent) conditions on the channel matrices, this
equilibrium solution is shown to be unique, and, echoing the results of [17], it was demonstrated that, under the
same conditions, iterative water-filling algorithms converge to the game’s equilibrium.
At a formal level, the static PMAC setting is a special case of the IC framework of [9, 10], but, as we shall see,
the derived sufficient conditions of [9, 10] typically fail in the static PMAC case, leaving the issues of uniqueness
and convergence wide open. Therefore, although the (global) capacity region of this channel is fully determined
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[2, 4, 5], the distributed version of this channel remains unresolved. To account for this, the authors of [14] recently
introduced a power allocation game in which users choose how to allocate their available power among the receivers
and showed that the game admits an exact potential function in the sense of Monderer and Shapley [18]. As in the
more general multiple-input multiple-output (MIMO) multiple access channel (MAC) case [19], the game’s potential
function is convex, so Nash equilibria correspond to the (compact and convex) minimum set of the potential.
However, the game’s potential is, in general, not strictly convex, so one would expect that uniqueness of Nash
equilibria fails along with strict convexity and the sufficient conditions of [9, 10]. Rather surprisingly, we find that
this is not the case: even though these conditions do not hold in the static PMAC context, the Nash equilibrium of
the game is almost surely unique (Theorem 6).
As far as convergence to equilibrium is concerned in the static channel case, the authors of [6] considered a setting
similar to our own (incorporating a linear pricing model, but limited to a single channel) and exhibited various
power control algorithms which converge to equilibrium under certain “mild-interference” conditions. Furthermore,
one of the main results of [7] was to show that if the transmitters know the local channel state and the overall
inteference-plus-noise covariance matrix, then, assuming that the interference level among users is not too large,
iterative water-filling converges to the equilibrium set of the game. The authors of [17] enhanced this result by
removing this condition for a suitably modified iterative water-filling algorithm, but asynchronous/sequential iterative
water-filling is much harder to analyze because the sufficient conditions of [9, 10] fail in the PMAC model.
Instead of focusing on water-filling algorithms, we present a simpler learning scheme based on the replicator
dynamics of evolutionary game theory [20] which involves the same (or often less) information from the side of
the players, and which does not require them to solve a nonlinear water-filling problem. Dynamics of this type have
been studied extensively in finite Nash games (finitely many actions with payoffs which are multilinear with respect
to the users’ strategies) and continuous population games [21–23], but, in nonlinear games (such as the one we have
here), their properties are not as well understood. The reason for this difficulty is that nonlinear payoff functions
cannot be written as multilinear combinations of “coordinate-spfecific” utilities (representing pure strategies in finite
games or species/phenotypes in evolutionary ones), so it is not clear what payoffs to use in order to update the
components of the users’ power allocation profile. Nevertheless, using the potential property of the game, we were
able to identify the correct modified version of the users’ payoffs which allows the replicator dynamics to converge
to the game’s (a.s.) unique equilibrium unconditionally and at an exponential rate: users reach an ε-neighborhood
of the game’s (unique) equilibrium in time which is at most of order O(log(1/ε)) (Theorem 8).
On the other hand, a major challenge occurs if the channels are block-fading, i.e., they remain constant over
a packet transmission and have undergone a stochastic variation by the beginning of the next transmission block.
In this fading regime, the static game equilibrium and the convergence properties of the replicator dynamics lose
much of their relevance because, if users base their updating on the instantaneous channel gain coefficients, learning
becomes a stochastic process. Since we are considering a relatively fast power allocation scheme which tries to
adapt as soon as possible to the variability of the observed channel, the rate of these stochastic fluctuations can
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be assumed to be of similar magnitude to the power adaptation rate. As a result, by using the theory of stochastic
approximation [24] (as opposed to the framework of stochastic differential equations where the adaptation rate is
an order of magnitude lower than that of the underlying noise process), we show that the stochastically perturbed
replicator dynamics converge to the (unique) equilibrium of an averaged game whose payoff functions correspond
to the users’ achievable ergodic rates (Theorem 10).
The behavior of the replicator dynamics is similar when the channel is changing faster than the power updating
rate and the throughput of each user between updates is exactly their ergodic rate. This case falls within the analysis
of power allocation games in fading MIMO channels [25], where the authors proved existence and uniqueness of
equilibrium using Rosen’s theorems on concave games [16] (but did not conduct any dynamical analysis).
Our own convergence analysis relies heavily on a novel game-theoretic result which is of independent interest: in
games which admit a (strictly) convex potential function, the replicator dynamics converge to (the game’s unique)
equilibrium at an exponential rate (Theorem 13). In this way, and in addition to its applicational significance, the
PMAC

model becomes a simple and illustrative case study which exemplifies the power of the replicator dynamics

when combined with the potential game property. Indeed, despite its apparent simplicity compared to the full IC
model, much of the analysis of [9, 10] does not apply; instead, it is the potential properties of the PMAC game
that guarantee equilibrium uniqueness, and the (properly modified) replicator dynamics allow users to equilibrate
exponentially quickly. In fact, since equilibria are located at the minimum set of the potential, this result essentially
means that the replicator dynamics associated to a convex objective function converge to an ε-neighborhood of its
minimum set in time which is of order O(log(1/ε)).
Notational Conventions
We will use bold uppercase letters to denote matrices and “†” to denote their Hermitian transpose; also, for any
set denoted by a script letter, the corresponding unscripted character will denote its cardinality, as in S ≡ card(S).
Now, if S = {sα }Sα=1 is a finite set, we will denote by RS the (real) vector space spanned by S. Then, given the
natural identification between S and the canonical basis {eα }Sα=1 of RS , we will use α to refer interchangeably to
either sα or eα , depending on the context. Similarly, we will also identify the set ∆(S) of probability measures on
P
S with the standard (S − 1)-dimensional simplex of RS : ∆(S) ≡ {x ∈ RS : α xα = 1 and xα ≥ 0}.
Finally, as far as players and their strategies are concerned, we will follow the original convention of [26] and
employ Latin indices for players (k, `, . . . ), while reserving Greek ones (α, β, . . . ) for their (“pure”) strategies. Also,
when we want to sum over the strategy indices α ∈ Ak of a particular player k, we will use the shorthand notation
P
S
Pk P
α∈Ak ; otherwise, the summation sign
α will run over all indices α ∈ A ≡
k Ak by convention.
α ≡
II. System Model
Following [14], the basic setup of our model is as follows: we consider a finite set K = {1, . . . , K} of wireless
single-antenna transmitters (the players of the game) who wish to transmit to a group of single-antenna receivers
(which can also be considered as a single receiver). Each of these receivers operates on a given channel in the finite
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set A = {1, . . . , A} and these channels are assumed to be orthogonal (in the frequency domain typically). Each user
may then transmit over a subset Ak ⊆ A of these channels, and, to keep things reasonable, we will be assuming
that Ak ≡ card(Ak ) ≥ 2 for all users k ∈ K (so users have at least some choice on how to transmit their data).
In particular, if xkα ∈ C is the user’s transmitted message on channel α ∈ Ak and hkα denotes the respective
channel coefficient (a zero-mean complex Gaussian variable), then the received signal on channel α will be:
X
yα =
hkα xkα + zα ,
k

(1)

where zα ∼ CN(0, σ2α ) represents the thermal noise process on channel α ∈ A. Accordingly, user k ∈ K can split
his transmitting power among the channels α ∈ Ak subject to the constraint:
Xk
pkα ≤ Pk ,
(2)
α
h
i
where pkα = E |xkα |2 represents the power with which user k transmits on channel α and Pk is the user’s maximum
P
power. As a result, the power allocation of the k-th user will be given by the point pk = kα pkα ekα ∈ RAk , and,
analogously, the power profile which collectively reflects all of the users’ power allocations will be represented by
Q
`

p = (p1 , . . . , pK ) ∈ k RAk  RQ , Q being the disjoint union (categorical coproduct) Q ≡ k Ak = (k, α) : α ∈ Ak
S
(not to be confused with their regular union which amounts to the entire channel set A ≡ k Ak ).
The performance metric that we will examine for the users of this wireless network is their achievable transmission
rates. Obviously, the transmission rate for user k in channel α ∈ Ak depends on the corresponding signal to
interference-plus-noise ratio (SINR) which is given by:
sinrkα (p) =

σ2α +

gkα pkα
,
P
`,k g`α p`α

(3)

where gkα = |hkα |2 ≥ 0 denotes the channel gain coefficient of user k with respect to α ∈ Ak .
As mentioned in the introduction, we will be assuming that receivers employ the single-user decoding (SUD)
scheme due to its lower complexity compared to successive interference cancellation (SIC) techniques. On that
account, the users’ achievable rates will depend only on their power allocation policies through their SINR, but the
exact functional form of this dependence hinges on the time-variability of the channel gain coefficients gkα . We
will thus consider two distinct cases with regards to this issue: i) one for static channels with fixed gkα , and ii) fast
(or shadow) fading channels where the channel coefficients gkα evolve over time as a stochastic process.
Remark. We should stress here that the channel gains gkα are the only stochastic parameters in our model. So,
unless explicitly mentioned otherwise, any probabilistic statement we make in this paper will refer to the probability
law of the random variables gkα ; similarly, E[·] will denote expectation over the channel gains: E ≡ Eg .
A. Static Channels
If the communication channel remains static and the receiver employs the SUD scheme, the spectral efficiency of
user k in the power profile p will be given by [6, 14]:
X

 X
uk (p) =
bα log 1 + sinrkα (p) =
bα log 1 +
α∈A
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where bα = Bα /B > 0 is a normalized version of the bandwidth Bα of the channel α ∈ Ak , rescaled to unity by the
P
total bandwidth factor B = α Bα . As for the channel gains gkα , we assume that they are drawn from a continuous
probability distribution on [0, ∞) at the outset of the game, and that they then remain fixed for the duration of the
transmission – see also the relevant assumptions in [9, 14]. For notational convenience, we will also employ the
convention that gkα = 0 for all channels α < Ak .
Now, as intuition would suggest (and as was shown rigorously in [14]), when the users’ utility is based solely
on their spectral efficiency (4), it is clearly to their best interest to transmit at the highest possible total power, i.e.,

satisfying (2) as an equality.1 In this way, we obtain the normal form game G ≡ G K, {∆k }, {uk } , where:
1) The set of players of G corresponds to the transmitters K = {1, . . . , K}.
n
o
P
2) The strategy space of player k is the (scaled) simplex ∆k ≡ Pk ∆(Ak ) = pk ∈ RAk : pkα ≥ 0 and α pkα = Pk ;
Q
as is customary, we will denote the game’s space of strategy profiles p = (p1 , . . . , pK ) by ∆ ≡ k ∆k . Up to
a scaling factor, this amounts to interpreting a power allocation policy as a probability distribution, which is
not a common approach; this will in fact lead us to the learning technique proposed further.
3) The players’ payoffs (or utilities) are given by the spectral efficiencies uk : ∆ → R of (4).
Of course, the game G defined in this way does not follow the original form of [26] because a) the players are
not mixing probabilities over a finite set of possible actions, and b) even though the players’ strategy spaces happen
to be simplices, their payoffs are not multilinear.2 On the other hand, since ∆ is a convex polytope and the utilities
uk of the users are concave functions of their power allocations pk , we immediately see that the game G is concave
in the sense of Rosen [16]. Moreover, it was shown in [14] that G is actually an exact potential game,3 i.e., that it
admits a (global) potential function Φ : ∆ → R such that:
uk (p−k ; p0k ) − uk (p−k ; pk ) = Φ(p−k ; pk ) − Φ(p−k ; p0k ),
for all players k ∈ K, and for all power allocations pk , p0k ∈ ∆k of user k and p−k ∈ ∆−k ≡

(5)
`,k

∆` of k’s opponents.4

In fact, the authors of [14] provided the following explicit form for the potential function Φ:
X
X


Φ(p) = −
bα log σ2α +
gkα pkα ,

(6)

α

Q

k

which, incidentally, is (minus) the system-achievable sum-rate when implenting SIC techniques.
B. Stochastically Fluctuating Channels
When the channels can no longer assumed to be static, we need to explicitly model their variations. This will
become relevant in two contexts. First, when the channel is assumed to be block-fading, i.e., constant over each
1 There

are scenarios where the power constraint (2) is not saturated, such as those with pricing or energy-efficient metrics [6], but we will

not deal with this issue here (see Section V though).
2 In

other words, the interpretation of power allocation policies as mixed strategies does not extend to the game’s payoff functions.

3 In

the finite player sense of Monderer and Shapley [18], and not in the continuous sense of [23].

4 The

change of signs in (5) from [18] is deliberate so as to conform with physics, where one looks at the minima of the potential function.
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block of transmission but time-varying across different transmissions. Second, when the channel is assumed to be
fast-fading, i.e., varying even within the same transmission block. Clearly, in both cases, we will need to take into
account the changes of the other users’ power allocation policies as well, an issue which we will address when
discussing the stochastic approximation later.
In the fast-fading channel model, the channel gains hkα ≡ hkα (t), k ∈ K, α ∈ Ak , are i.i.d. zero-mean complex
Gaussian random variables.

5

In that case, assuming that users saturate their power constraints for each channel

use, the relevant choice of payoff functions is the ergodic transmission rates of [27]:
"
!#
X
gkα pkα
uk (p) =
bα Eg log 1 + 2 P
,
σα + `,k g`α p`α
α∈A

(7)

with bα and σα being as in (4). Therefore, in exactly the same way as above, we obtain the ergodic game G ≡

K, {∆k }, {uk } , which has the same strategic structure as its static counterpart G but payoff functions given by the
ergodic rates (7).
Similarly to the static case, it is easy to show that G admits the following exact potential:
X
X
i
h 
gkα pkα .
Φ(p) = −
bα Eg log σ2α +
α

k

(8)

However, the exact form of the ergodic potential Φ will now depend on the law of the channel coefficients gkα . In
√
Gaussian fast-fading channels (Rayleigh fading), we have gkα = |hkα |2 , where hkα ∼ CN(0, γkα ), γkα ≥ 0, so the
gkα are χ2 -distributed. In that case, the integral calculations of [28, eq. (11)] readily yield the following explicit
form for the potential Φ (and, by taking the appropriate differences, for the ergodic payoffs (7) as well):
√
Proposition 1. In Gaussian fast-fading channels with hkα ∼ CN(0, γkα ), the ergodic potential Φ is given by:
X
Y
X
X
rkα
−1
bα
ζ(rkα
)
Φ(p) = −
−
bα log(σ2α ),
(9)
`,k rkα − r`α
α∈A
k∈K
α
R∞

where rkα = γkα pkα σ2α and ζ(x) ≡ 0 (x + t)−1 e−t dt = −e x Ei(−x), with Ei denoting the exponential integral function
R∞
Ei(x) = − −x t−1 e−t dt.
This explicit expression for the potential function Φ will be very important in the analysis of Section IV-B
where it allows us to calculate the game’s equilibrium (the minimum of Φ and the convergence rate (23) of the
replicator dynamics. Furthermore, we note for posterity that the authors of [19] showed that Φ is strictly convex, so
its minimum set consists of a single point. On the other hand, the static potential Φ is convex, but not necessarily
P
P
strictly so:6 indeed, any two power profiles p, p0 ∈ ∆ such that k gkα pkα = k gkα p0kα for all α ∈ A will also have
Φ(p) = Φ(p0 ). This simple observation will be of crucial importance in determining the Nash set of the game,
which will be the subject of the next section.
5 Of

course, in addition to this model, other temporal variation may be considered (such as slow fading due to shadowing), but for the sake

of simplicity we will focus on the fast-fading situation.
6 This

is precisely the subtle (but crucial) mistake that underlies the equilibrium uniqueness argumentation of [14].
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III. Equilibrium Analysis
Since we have a finite number of players (the transmitters k ∈ K), the notion of Nash equilibrium takes the form
of stability in the face of unilateral deviations. More specifically:
Definition 2. We will say that the power profile q ∈ ∆ is at Nash equilibrium in the game G (resp. G) when
uk (q) ≥ uk (q−k ; q0k ),

(resp. uk (q) ≥ uk (q−k ; q0k ))

(10)

for all k ∈ K and for every deviation q0k ∈ ∆k of player k. In particular, if q satisfies the strict version of the
inequalities (10), then it will be called a strict equilibrium.
Note that a (pure) Nash equilibrium necessarily exists in G and G since they are both concave games in the sense
of Rosen [16]. The main issue here is therefore to determine whether it is unique or not and, for this purpose, we
will exploit the games’ potential property.
A. Static Channels
As is standard in convex potential games [29], to calculate the set of Nash equilibria ∆∗ of the game, we only
need to look at the (necessarily convex) minimum set of its potential function. Obviously, if the potential is strictly
convex, then ∆∗ will consist of a single equilibrium point, but strict convexity typically fails for the static potential
Φ, so we will pause here to introduce the concept of degeneracy. To that end, let T p ∆ denote the tangent space
Q
of ∆ at p. Since ∆ is an affine polytope embedded in RQ  k RAk , it is easy to see that for every interior point
p ∈ Int(∆), T p ∆ will be isomorphic to the (Q − K)-dimensional subspace which is “parallel” to the polytope ∆:7
n
o
P
T p ∆  Z = z ∈ RQ : kα zkα = 0 for all k ∈ K .

(11)

However, as we just noted, some of these Q − K directions will be degenerate, in the sense that the potential Φ
remains constant as we move along them. Specifically, the set of (almost surely independent) constraints
P

k

gkα zkα = 0,

α ∈ A,

cuts itself a subspace W of RQ whose intersection with Z corresponds to the total of A + K constraints:
X
a)
zkα = 0,
k ∈ K;
α
X
b)
gkα zkα = 0,
α ∈ A.
k

Therefore, if Q =

P

k

(12)

(13a)
(13b)

Ak ≤ A + K, the system of (almost surely independent) tangency and degeneracy constraints

(equations (13a) and (13b) respectively) will only admit the trivial solution z = 0;8 otherwise, there will be tangent
directions z ∈ Z \{0} along which the potential Φ stays constant. To keep track of all this, we have:
7 Recall
8 These

here our notational conventions: since Q ≡

`

k

Ak , then Q ≡ card(Q) =

conditions are remarkably similar to the MIMO rank condition

Ak (where Ak = card(Ak )).
PK
= k=1
nt,k ≤ nr + K of [15]. Alternatively, the irreducibility

P

rank(H† H)

k

condition observed in [30] for wireline networks is actually the inverse one.
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Definition 3. The subspace W ≤ RQ defined by the constraints (13b) will be called the space of degenerate (or
redundant) directions of the game G. Moreover, we define the degeneracy index of G to be:
ind(G) ≡ dim(W ∩ Z),

(14)

where Z is the tangent space determined by the tangency constraints (13a).
An easy way to visualize this concept is to represent the game G as a bipartite graph G = (V, E) whose vertex
set V consists of the transmitters k ∈ K plus the receivers α ∈ A, and a receiver k ∈ K is linked to a receiver α ∈ A
by an edge in E if and only if α ∈ Ak (that is, V = K + A and E = Q). Our previous discussion then yields:
Proposition 4. With probability 1, the game G is degenerate if and only if the associated bipartite graph G =
(K + A, Q) has more edges than vertices (i.e., there are more links than wireless devices). In that case:
ind(G) = card(E) − card(V) = Q − A − K = −χ(G),

(15)

where χ(G) is the Euler characteristic of the graph G viewed as a 1-dimensional simplicial complex.
We thus see that typical uplink scenarios where several channels are shared by a relatively large number of
wireless users will exhibit degeneracy (a.s.) because the number of links exceeds the number of receivers plus
transmitters. On account of this difficulty, a promising way to determine whether the MAC game admits a unique
equilibrium is to take advantage of the plethora of sufficient conditions that have been established in the literature
for this purpose [9, 10, 31]. These conditions invariably depend on the spectral radius and positive-definiteness of
certain matrices whose entries are determined by the channel gain coefficient ratios S k` (α) ≡ gkα /g`α (for instance,
one such condition is that the spectral radius ρ (S(α)) be less than 1 for all channels α ∈ A). Unfortunately however,
conditions of this sort typically fail in the parallel MAC s etting [32] because the spectral radii of these matrices
are greater than or equal to 1, so the water-filling operator of [9] is not necessarily a contraction.
Hence, despite their intrinsic theoretical value, the sufficient conditions that have been established in the literature
are quite problematic in the PMAC framework because they are met only in some very special cases (which can be
attacked directly anyway). Consequently, in order to address the issue of uniqueness, we will adopt the approach
of [32], where power profiles are represented by suitably constructed graphs:
Definition 5. Given a power profile p = (p1 , . . . , pK ) ∈ ∆, construct a graph G p = (V p , E p ) as follows:
1) The vertices V p coincide with the network’s receivers: V p = A.
2) For every k ∈ K, pick a receiver α ∈ Ak to which k assigns positive power pkα > 0 and join α (called the hub
of user k in G p ) to every other receiver β ∈ supp(pk ) \{α} by an edge.
Every graph G p constructed in this way will be said to represent the power profile p.
Bearing this construction in mind, the analysis of [32] shows that any graph Gq which represents an equilibrial
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In Fig. 1(a) we analyze the sum-rate efficiency (SRE) for static channels. In particular, we plot the CDF of the SRE for static channels

hka drawn out of a i.i.d. complex Gaussian distribution with variance ρ for all channels a and users k. We see that for A = 10 > K the SRE
attains the maximum value 1 with a finite probability which decreases with ρ. This can be attributed to the high probability to have a Nash
equilibrium at a vertex of ∆ in which case the sum rate and the total achievable rate are equal. In Fig. 1(b) we plot the SRE for ergodic channels
as a function of SNR. For convenience, we represent with stars the values of ρ for which we have calculated the SRE distribution in Fig. 1(a).

power profile q ∈ ∆∗ will have to be acyclic (a.s.).9 We can then use this acyclicity property to conclude that any
equilibrial profile must lie in the interior of an at most (A−1)-dimensional face of ∆ (a.s.), and a dimension-counting
argument finally yields:
Theorem 6. The static channel game G has a unique Nash equilibrium (almost surely).

B. Stochastically Fluctuating Channels
On the other hand, by exploiting the averaging effect which is present in ergodic rates, it can be shown that the
ergodic potential Φ is strictly convex [19]. This directly leads us to the following result:
Theorem 7. The ergodic game G admits a unique Nash equilibrium.
C. Analysis of Sum-Rate Efficiency
It is instructive here to discuss the efficiency of the game’s (unique) equilibrium, in both the static and ergodic
regime. Clearly, the globally optimal solution of the problem is achieved when the sum rate is maximized, but this
point is not necessarily reached. We may therefore analyze the efficiency of the Nash equilibrium by calculating
the so-called sum-rate efficiency (SRE), a quantity which is closely related to the game’s price of anarchy:
P
P
uk (q)
k uk (q)
SRE =
, (resp. SRE = k
for the ergodic game)
C sum
C sum
9 Compared

(16)

to [32], users in our case have their own distinct channel sets Ak . This complicates the logistics somewhat, but the essence of

the arguments of [32] remains unaltered.
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where the numerator is the sum of the achievable rates of all users at equilibrium, while the denominator C sum , C sum ,
represents the maximum achievable aggregate sum-rate. Interestingly, both quantities are maximized with the same
power allocation, because the potential function is equal to (minus) the achievable sum-rate of the network.
In Fig. 1(a) we plot the SRE for randomly drawn static channels. We see that while it can deviate significantly
from its maximum value (unity) for A < K, in the opposite case, the SRE is typically close to its maximum value
– and, in fact, equal to it with positive probability. We may attribute this to the fact that for K < A there is
a finite (and relatively large) probability that the systems equilibrium is at a vertex of ∆: this implies that each
user is transmitting on a single channel, hence explaining why the system reaches sum-rate optimality. What is
remarkable is the fact that using a sub-optimal decoding scheme such as SUD in a distributed scenario we can reach
the centralized system’s sum-capacity when the NE is on a vertex. Numerical simulations show that this occurs with
probability slightly higher than 1/2; in that case, more complicated SIC techniques yield no performance benefits
over the simpler SUD scheme.
On the other hand, in Fig. 1(b), we plot the SRE for the case of the ergodic channel. There, we see that while
the SRE is nearly optimal for small SNR, it deviates strongly from its maximum value for larger SNR values.
IV. Convergence to Equilibrium
Even though Theorems 6 and 7 guarantee that there is a unique power allocation which is stable under selfish
unilateral deviations, it is not at all clear whether users will be able to calculate it in decentralized environments
where only partial/local information is available at the terminal (e.g., as in distributed or partially distributed
cognitive radio networks). Consequently, our goal in this section will be to present a simple distributed learning
scheme which allows users to converge to the unique equilibrium of the static game G, and also to determine the
speed of this convergence.
From the point of view of learning in games [21], this question has attracted considerable interest and two of
the most well-studied paradigms are best-response (BR) algorithms and reinforcement learning (RL). On the one
hand, BR dynamics comprise a class of updating rules where players are assumed to monitor their opponents’ power
allocation policies and choose the “best response” (with respect to their individual payoffs) in the next round of
updating. Unfortunately, in addition to this perfect monitoring requirement, BR schemes also require users to be
able to calculate their best responses, so their implementation in large decentralized networks poses a formidable
challenge. A partial solution to this problem for static channels is provided by the well-known iterative water-filling
algorithm and its asynchronous/sequential variants [7, 9, 10, 17] where the perfect monitoring condition is relaxed
and users only need to know their local channel and overall noise-plus-interference covariance matrix. In that case
however a) users cannot update their powers simultaneously; b) they must still solve a nonlinear fixed point problem
at each update period; and c) equilibrium convergence is conditional on the interference level being small enough
(except in the case of [17]). In fact, the conditions of [9, 10] do not hold at all in the PMAC case [30], while the
interference threshold of [7] below which users converge to equilibrium becomes zero in the large K regime where
one would encounter decentralized heterogeneous networks [33].
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On the other hand, RL algorithms (such as fictitious play and its various incarnations [21]) rely on the players
knowing the payoffs that they receive – or would have received by playing a different strategy. Thanks to this
“fictitious” information (which is often hard to come by), these algorithms enjoy some very strong convergence
properties in potential games: for instance, stochastic fictitious play converges to equilibrium in finite potential
games [34]. However, such learning algorithms have been designed for discrete action sets, so it is very hard to
adapt them to games with continuous action spaces such as the ones we are studying here.
On account of these limitations, we will adopt instead a hybrid approach: by assuming that users have similar
information as in water-filling algorithms (which is easy to obtain), we will present a simple learning scheme based
on the replicator dynamics of evolutionary game theory [20–22] where players update the frequency with which
they employ an action proportionally to the difference between its payoff and their average one. This scheme’s
reinforcement aspect is intimately related to logistic fictitious play [21, 35] and suffers from the same drawback,
namely that it typically applies only to finite action sets. However, by exploiting the simplicial structure of our
model and its potential properties, we derive a replicator equation which works for continuous action spaces and
which allows users to converge to equilibrium unconditionally and at an exponential rate (Theorems 8 and 10).
A. Static Channels
Since the replicator equation is an algorithm for discrete action spaces, one would hope that the discrete payoff
differences that go in the dynamics could be captured by the channel-specific rates:
!
gkα pkα
ukα (p) = bα log 1 + sinrkα (p) = bα log 1 + 2 P
,
σα + `,k g`α p`α




(17)

which lead to the replicator equation:


Xk
d pkα
= pkα (t) ukα (p(t)) − P−1
p
(t)u
(p(t))
,
kβ
kβ
k
β
dt

(18)

where the averaging in the second term of (18) is mandated by the fact that p(t) must remain in ∆ for all t ≥ 0.
Unfortunately, despite its apparent similarity to the replicator dynamics of evolutionary game theory [22], the
total rate uk of (4) cannot be expressed as a linear combination of the channel-specific rates ukα , so (18) is not
particularly well-behaved with respect to the game G – for instance, Nash equilibria are not stationary. Thus, given
that players invariably want to increase their rewards, we will instead consider the directional derivatives:
vkα (p) ≡

∂uk
bα gkα
.
=
P
∂pkα σ2α + ` g`α p`α

(19)

Clearly, if user k transmits with positive power to channel α ∈ Ak , he will be able to calculate the value of the
corresponding gradient vkα (p) simply by knowing gkα and his SINR in channel α. On that account, any learning
scheme based on the vkα ’s will be inherently distributed and local in nature (and simpler than solving a water-filling
problem to boot), so we will consider the replicator dynamics corresponding to the marginal payoffs vkα :

d pkα
= pkα (t) vkα (p(t)) − vk (p(t)) ,
dt
P
with vk denoting the user average vk (p) = Pk−1 kβ pkβ vkβ (p).
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(b) The K-L divergence w.r.t. equilibrium as a function of time

Convergence to the (unique) Nash equilibrium for a game with 2 users sharing 2 static channels A and B. The contours in Fig. 2(b)

represent the level sets of the K-L divergence with respect to the game’s equilibrium (red dot), and the variables p1 and p2 represent the fraction
of the power allocated to channel A by each user (gain and noise parameters were chosen arbitrarily). In Fig. 2(b) we plot the evolution of the
K-L relative entropy w.r.t. the game’s equilibrium over time (with sampling period δ = 1 ms).

It is worth comparing (20) to power updating schemes that have appeared in the past. Clearly, the schemes
discussed in [7, 9, 10, 17] are quite different due to their waterfilling character. Closer in spirit are the power control
algorithms developed in the 90’s aiming to minimize transmitted power [36–38]. In these cases, the instantaneous
SINR was compared to a target value and the power was iteratively updated proportionally to the difference.
Nevertheless, the differences with those algorithms are quite significant, not only in terms of the actual updating,
but also with respect to their convergence properties.
Remark 1. It is also important to note here that the marginal payoffs vkα are similar but not equal to the SINR (3)
of user k at a given channel α ∈ Ak since a) the numerator of (19) includes the bandwidth fraction bα = Bα /B, and
b) the denominator of (19) gives the total power of the received signal on a given channel, including the user’s
own signal gkα pkα . The vkα are also related but do not coincide with the popular metric of SINR per unit power of
[3, 8]. All these metrics can be calculated based on the same feedback and, at a first glance, they might appear
more natural than using vkα ; be that as it may, we shall see that our (perhaps unconventional) choice leads to very
strong convergence properties for (20).
A strong indication that (20) is a step in the right direction is that the rest points of (20) are characterized by
the (waterfilling) property that for every pair of nodes α, β ∈ supp(p) to which user k allocates positive power, we
will also have vkα (p) = vkβ (p). Hence, comparing this to the KKT constrained minimization conditions obtained in
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[14], we immediately see that the Nash equilibria of G are stationary in the replicator equation (20). This result is
well-known in finite games with multilinear payoffs [21] and in continuous population games [23], but the converse
does not hold: for instance, every vertex of ∆ is stationary in (20) without being a Nash equilibrium., so stationarity
in (20) does not imply (Nash) equilibrium.
Nevertheless, the game’s (unique) Nash equilibrium is the only attracting state of the dynamics:
Theorem 8. Let q ∈ ∆ be the (a.s.) unique equilibrium of G. Then, every solution orbit of the replicator dynamics
(20) which begins at finite Kullback-Leibler divergence with respect to q will converge to it. Moreover, there exists
a positive constant c > 0 such that:
DKL (q k (p(t)) ≤ h0 e−ct for all t ≥ 0.

(21)

where DKL denotes the Kullback-Leibler divergence and h0 ≡ DKL (q k p(0)).
In other words, replicator solution orbits converge to an ε-neighborhood of a Nash equilibrium in time which is
at most of order O(log(1/ε)).
Remark 1. Recall that the Kullback-Leibler divergence (or relative entropy) is [22]:
X
X Xk
 
DKL (q k p) =
DKL (qk k pk ) =
qkα log qkα pkα .
k

k

α

(22)

Clearly, DKL (qk k pk ) is finite if and only if pk allocates positive power pkα > 0 to all channels α ∈ supp(q) which
are present in qk ; more succinctly, the domain of the relative entropy function Hq ≡ DKL (q k ·) consists of all power
allocations which are absolutely continuous w.r.t. q. Thus, if users start with a uniform power allocation (a natural
choice if they do not know anything about the network), they are guaranteed to converge to equilibrium.
Remark 2. From an evolutionary perspective, the analysis of [23] does allow for nonlinearities in the phenotypes’
utility functions, but the species’ average utility (measured as the number of offspring in the unit of time) is still
a convex combination of these phenotype-specific payoffs. The resulting replicator equation is formally identical
to (20), and, by exploiting the game’s potential, Sandholm shows that any ω-limit point of a replicator trajectory
must be Nash. Theorem 8 (see also Theorem 13) extends these results by showing that (almost) every replicator
orbit converges to Nash equilibrium and by showing that the speed of this convergence is exponential.
Remark 3. The reader will note that we have not specified the norm under which “ε-neigborhoods” are taken in
Theorem 8. This is intentional: since all norms in finite-dimensional vector spaces are equivalent, the order of the
convergence time will remain the same in all norms. This is also why we chose to state our results in terms of the
K-L divergence DKL (instead of a more conventional choice like the L2 norm): although DKL is not a metric in
itself, it has all the relevant attributes and, in many ways, it is the most natural distance measure on ∆.
Remark 4. Obviously, the exponent c of (21) is of crucial importance because it bounds the convergence speed of
the replicator dynamics with respect to the K-L divergence. More specifically, if we set:
DKL (q k p(t))
1
,
λ(t) ≡ − log
t
DKL (q k p(0))
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(b) The asymptotic convergence exponent of the replicator dynamics

Fig. 3. The speed of convergence to the game’s equilibrium in a game with 2 users and 2 static channels (notation and parameters as in Fig. 2).
In Fig. 3(a) we see that the K-L divergence of the users’ power allocation with respect to the game’s equilibrium decays exponentially quickly,
while, in Fig. 3(b), we see that the instantaneous convergence exponent λ(t) = −t−1 log DKL (q k p(t)) is asymptotically equal to the predicted
value λ∞ of Theorem 8.

then Theorem 8 simply states that the “instantaneous” convergence exponent λ(t) is bounded below by c.
Consequently, it is pretty important to be able to assess the value of c that goes into (21). The full expression
can be found in Appendix A, but one case is important enough to mention here. Indeed, if q is a strict equilibrium,
P
say q = k Pk ek,αk , then we have:
o
n


(24)
c = mink Pk /h0 1 − e−h0 /Pk ∆vk ,

where ∆vk = min vk,αk (q) − vkβ (q) : β ∈ Ak \{αk } . We thus see that the exponent of (21) exhibits a very natural
behavior: it increases with the payoff differences ∆vk (which measure the “attracting strength” of q), and decreases
with the initial relative entropy h0 (which describes how far the initial condition p(0) is from q).
From this expression, and given that limξ→0 (1 − e−ξ )/ξ = 1, we see that the asymptotic convergence exponent
λ∞ = lim inf t→∞ λ(t) is bounded from below (and away from zero) by the quantity:
n
o
m = mink ∆vk = mink minβ,αk vk,αk (q) − vkβ (q) > 0.

(25)

In fact, a closer inspection of the calculations of Appendix A reveals that this expression is sharp, in the sense that
λ∞ = m (Fig. 3). We thus see that (21) and (24) not only bound the convergence speed of the replicator dynamics
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Numerical analysis of a PMAC game with 2 users sharing 2 static channels A and B, and admitting a strict equilibrium (our notation

is as in Figs. 2 and 3, and, to reduce clutter, we focus only on user 1). In Fig. 4(a) we see that the fraction of power that user 1 employs on
channel A converges to its Nash value very quickly; furthermore, in Fig. 4(b), we see that in the limit t → ∞, the instantaneous convergence
exponent µ1 (t) ≡ −t−1 log (1 − p1 (t)) approaches the value predicted by Proposition 9.

(20), but they also provide an estimate which becomes exact in the local limit h0 → 0:10
Proposition 9. If q =

P

k

Pk ek,αk is a strict equilibrium of G and ∆vk = minβ,αk {vk,αk (q) − vkβ (q)}, then, as t → ∞:


pk,αk (t) ∼ Pk 1 − e−∆vk t .

(26)

Similar results can also be obtained for non-strict equilibria where at least one user is water-filling his power
between the receivers (Fig. 3(b)), but the relevant expressions are a bit more cumbersome, so we prefer to omit
them – see Appendix A for details.
Remark 5. The authors of [39] show that iterated water-filling has an asymptotic exponential rate of convergence as
a consequence of the water-filling operator being a contraction. However, the sufficient conditions which guarantee
the contraction property fail in the PMAC case [32], so there is virtually no overlap of our results.
Remark 6 (The Discrete-time Replicator Dynamics). Needless to say, to properly implement the differential equation
10 Since

Theorem 8 shows that replicator trajectories converge to equilibrium, we could also obtain the asymptotic convergence exponent λ∞

by linearizing (20) near q and looking at the eigenvalues of the linearized system. Since linearization corresponds to taking the limit h0 → 0,
we only mention here (without proof) that these eigenvalues are precisely the payoff differences vkβ (q) − vk,αk (q), β ∈ Ak \{αk } that go into (25).
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(20) as a learning algorithm, one should instead consider the discrete time variant:
pkα (n + 1) = pkα (n) + δ pkα (n) (vkα (p(n)) − vk (p(n))) ,

(27)

where δ is the discrete time step. Clearly, the continuous dynamics (20) are recovered in the limit δ → 0, so the only
challenge in this discretization is to show that p(t) remains in ∆ for all t. To that end, summing (27) over all α ∈ Ak
P
immediately gives kα pkα (n) = Pk (assuming that this holds for t = 0), while, if we set v = maxk,α max p∈∆ |vkα (p)|
and choose δ ≤ (2v)−1 , an easy induction argument also shows that pkα (n) ≥ 0 (again, assuming that this holds for
all k ∈ K, α ∈ Ak when n = 0).
B. Stochastically Fluctuating Channels
The key assumption of the results of the previous section was that the channel gain coefficients gkα remain static
for the whole duration of the transmission. Instead, if the channel gains evolve over time following a block-fading
model, then the replicator equation (20) becomes a non-deterministic dynamical system because the coefficients gkα
that go into the gradients vkα are now continuous stochastic processes that evolve over time.
In general, there are two directions one can take in order to incorporate the effects of stochastic fluctuations in
a dynamical system. The first involves the derivation of a stochastic differential equation (SDE) for the dynamic
variables (here the users’ power profiles; see e.g., [32, 35] for related results). This approach roughly corresponds to
assuming that the fluctuations evolve at a much quicker pace than the updating process, or, in our case, that over an
√
(infinitesimal) update period of length δ, the channel fluctuations have undergone a random walk of size δ  δ.
In contrast, when the fluctuations occur at a comparable rate as the power updating, their variations over the same
interval are of order δ, so the proper way to proceed here is to employ the theory of stochastic approximation
[24, 40].
To that end, we will begin by rewriting the discrete form (27) of the replicator dynamics as:


pkα (n + 1) = pkα (n) + δ(n) pkα (n) vkα (p(n), g(n)) − vk (p(n), g(n)) ,

(28)

where g(n) = {gkα (n)} are the channel gain coefficients at the n-th iteration of the replicator algorithm, δ(n) is
a time-dependent learning parameter to be discussed later, and the vkα ’s are defined as in (19) – note that they
now depend on time via the channel coefficients g. In particular, our assumptions for the channel gain coefficients
gkα = |hkα |2 is that the hkα ’s are complex Gaussian i.i.d. variables.
Then, if we set vkα = E[vkα ] and ηkα = vkα − vkα (where E[·] denotes expectation with respect to the law of the
channel gains g), we immediately obtain:
h
 
i
pkα (n + 1) = pkα (n) + δ(n) pkα (n) vkα (p(n)) − vk (p(n)) + ηkα (p(n), g(n)) − ηk (p(n), g(n)) ,

(29)

where the vkα are now deterministic functions and the ηkα are zero-mean stochastic processes. The first thing to
note here is that, assuming the parameters δ(n) are chosen small enough, this discrete-time stochastic dynamical
system respects the simplicial structure of ∆ (that is, p(n) ∈ ∆ for all n ≥ 0). To see this, we may restrict ourselves
without loss of generality to a game with one user and two choices, A and B (the general argument is similar). In
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that case, if we drop the user index for simplicity and let pA (n) ≡ p1,A (n) denote the power that the user sends to
channel A at the n-th iteration of the dynamics, we need to show that we can choose δ(n) small enough so that
0 ≤ p(n) ≤ 1 for all n ≥ 0 and gA,B ≥ 0 drawn randomly at each step.11 So, if we assume inductively that this is
true for some n ≥ 0, a little algebra yields:


 gA (n)(1 − pA (n))
gB (n)(1 − pA (n)) 
 ,
pA (n + 1) − pA (n) = δ(n) pA (n)  2
−
σA + gA (n)pA (n) σ2B + gB (n)(1 − pA (n))

(30)

and by the symmetry of this last equation under the transformation p ; 1 − p, it suffices to show that p(n + 1) ≥ 0.
However, since the first term of the LHS of (30) is positive and the second is uniformly bounded (by 0 from

below and 1 from above), we see that choosing δ(n) ≤ yields pA (n + 1) ≥ 0, while the complementary inequality
pA (n + 1) ≤ 1 follows in exactly the same fashion.
Now, going back to (29), a trivial application of the dominated convergence theorem allows us to interchange
differentiation and integration, so we obtain:
#
∂uk
∂
∂uk
vkα (p) = E
=
E[uk ] =
.
∂pkα
∂pkα
∂pkα
"

(31)

In other words, we see that the mean-field payoffs of (29) are simply the gradients of the ergodic rates (7). Then, if
we remove the zero-mean noise processes ηkα from (29), the general theory of [24, 40] tells us that the replicator
equation (29) is just a stochastic approximation of the mean-field ordinary differential equation:


d pkα
= pkα (t) vkα (p(t)) − vk (p(t)) ,
dt

(32)

so, one would hope that the asymptotic properties of (29) are approximate versions of the properties of (32).
With regards to the latter, recall that Φ is strictly convex [25], so the analysis of Appendix A readily yields:
Theorem 10. The mean field dynamics (32) converge to the unique Nash equilibrium of the ergodic game G; in
particular, every interior solution orbit of (32) converges to an ε-neighborhood of the game’s equilibrium in time
which is at most of order O(log(1/ε)).
The implications of this theorem are similar to those of (8), so it is more important to concentrate on whether
these asymptotic properties apply to the stochastic dynamical system (28). To make this question precise, let
P
τ(n) = nj=1 δ(n) and define the interpolated processes p̂kα : R+ → R by taking the values p̂kα (τ(n)) = pkα (n) from


(28) and interpolating linearly between these samples for t ∈ τ(n), τ(n + 1) :
p̂kα (t) = pkα (n) +


t − τ(n)
pkα (n + 1) − pkα (n) .
τ(n + 1) − τ(n)

(33)

Then, if Θ : ∆ × R → ∆ is the flow generated by the mean-field equation (32) on ∆,12 we will say that:

11 This

randomness is precisely what causes the problem: if the process g(n) contains an unbounded subsequence (which it almost surely

does), the marginal payoffs vA,B are no longer uniformly bounded on ∆. By comparison, in the static case there are no such issues.
12 In

other words, Θ(p, t) ≡ Θ p (t) describes the solution trajectory of (32) which starts at p.
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Fig. 5. Convergence of the fading replicator dynamics to the unique Nash equilibrium of the ergodic game G. To test the asymptotic properties
of the replicator dynamics even beyond the regime of Theorem 12, we considered a 2 × 2 game and a constant sampling period of δ = 1ms.
The channel gain coefficients gkα follow Rayleigh fading gkα = |hkα |2 with the hkα now being temporally correlated, following the simple to
√
implement temporal correlation model h(n + 1) = rh(n) + 1 − r2 z(n + 1), where z ∼ CN(0, 1) and r = exp (− f δ · v/c) is the temporal correlation
coefficient – we simulated user velocities v = 1, 5, 15, 30 km/h and a carrier frequency of f = 2 GHz. We see that the system equilibrates
rapidly (the K-L divergence DKL (q k p(t)) vanishes – Fig. 5(a)), while the stochastic convergence exponent λ(t) = − 1t log DKL (q k p(t)) settles
down remarkably close to the predicted value λ∞ for the ergodic potential (Fig. 5(b)).

Definition 11. The interpolated process p̂ = { p̂kα (t)} is an asymptotic pseudo-trajectory to the flow Θ if:
lim sup Θ( p̂(t), s) − p̂(t + s) = 0 for all T > 0,

t→∞ 0≤s≤T

(34)

i.e., if p̂ follows the flow Θ but makes an asymptotically vanishing amount of jumps every T units of time.
In light of this definition,and given that the stochastic process p(n) is uniformly bounded (recall that p(n) ∈ ∆
for all n ≥ 0), an easy adaptation of standard results from the theory of stochastic approximation [24, Chapter 2,
Theorem 2 and Corollary 4] shows that if the learning parameters δ(n) vanish rapidly enough as n → ∞, then the
noise processes ηkα will be dominated by the predictable (mean field) part of (29). More specifically, we obtain:
Theorem 12. Assume that the learning parameters δ(n) of the stochastic dynamics (28) are `2 -summable but not `1 P
P∞ 2
summable (i.e., ∞
n=1 δ(n) = ∞ but
n=1 δ (n) < ∞). Then, the replicator learning algorithm (28) for stochastically
fluctuating channels converges (a.s) to the unique Nash equilibrium of the ergodic rates game G.
Remark 1. The most usual choice for the learning parameters δ is δ(n) = 1/n. This variable rate can then be taken
to mean that the wireless users update their power allocation policies every 1/n units of time, in which case the
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actual time which has elapsed after n iterations is O(log n).13 So, even though the number of iterations needed might
turn out to be pretty high, the actual elapsed time will be significantly lower.
Remark 2. In case users employ a constant step size δ(n) ≡ δ and no learning-induced discounting, the replicator
dynamics evolve faster but convergence to equilibrium will be in the distribution sense [24]. This is an important
(and largely unsolved) problem in the theory of stochastic approximation, so we will not address its theoretical
aspects here. Instead, by resorting to numerical simulations (Fig. 5), we see that the replicator dynamics do converge
to equilibrium in distribution (and almost surely if the equilibrium is strict – Fig. 5(a)). Moreover, this convergence
is approximately exponential, with a convergence exponent remarkably close to the one predicted by the analogue
of (25) with the ergodic payoffs vkα substituted in place of the static ones (Fig. 5(b)).
V. Conclusions and Future Directions
In this paper, we studied the distributed power allocation problem for orthogonal uplink channels (representing
for example multiple wireless access points that operate in orthogonal frequency bands) by introducing a game
which admits a convex potential function. In both cases of static and fading channels, the associated game admits
a unique Nash equilibrium (Theorems 6 and 7) and we showed that a simple distributed learning scheme based on
the replicator dynamics converges to it from (almost) any initial condition (Theorems 8 and 12). In fact, by proving
a general result for convex potential games, we showed that the speed of this convergence is exponential: users
converge to an ε-neighborhood of an equilibrium in time which is at most of order O(log(1/ε)) (Theorem 13).
There is a number of important extensions of this work which showcase the strength of the replicator dynamics
and their asymptotic properties in potential games. First off, instead of the users’ achievable rates, one could consider
energy-efficient metrics where users do not saturate their power constraint (2) – e.g., as in the pricing model of [6]
where a high price of transmission power might restrain users from transmitting at maximum power. In that case,
the users’ action spaces are simplices of one dimension higher (accounting for their variable total power), and much
of the analysic carries through, though space and time considerations do not allow us to elaborate on this point.
An other important extension concerns non-orthogonal channel models such as the MIMO MAC problem. In that
case, the game’s strategy space is no longer a product of simplices, but the entire space of positive-definite precoding
matrices with constrained trace, so the replicator equation (20) no longer applies. Nonetheless, one can still write
down a suitably modified matrix-valued replicator equation which allows users to converge to equilibrium, but,
again, given space constraints, we postpone this direction for the future.
Finally, we should also stress here that the key property of the replicator equation (20) is that it converges to
the minimum of the game’s potential. We may thus take a “dual” approach and employ the replicator dynamics
as a learning algorithm which allows users to converge to the minimum of an arbitrary objective function Ψ by
replacing the marginal payoffs vkα with the gradients
13 On

∂Ψ
∂pkα .

So, if we focus for example on the users’ aggregate

the other hand, since there are practical limitations to how fast users can update their powers, an alternative interpretation is that wireless

users update their policies at every tick of a counter and they discount their update by 1/n at each step.
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rate Ψ(p) =

P

k

uk (p), the only real catch is that the gradients ψkα ≡

∂Ψ
∂pkα

cannot be calculated based on purely

local information at the transmitter. However, some straightforward analysis shows that if the receiver broadcasts a
specific real number for each channel,14 then the values of the gradients ψkα can be calculated using this broadcast
and the same information needed for the usual replicator dynamics (channel coefficients and SINRs). Consequently,
for the relatively small cost of a broadcast message per channel, the users of the network will be able to converge
exponentially quickly to the power allocation profile which maximizes their aggregate rate.
Appendix A
Convergence Speed of the Replicator Dynamics
Given a point q ∈ ∆, we will say that a function F : ∆ → R is q-stable when:
f (θ) ≡ F(q + θz) is convex and increasing for all z ∈ T qc ∆ and for all θ > 0 such that q + θz ∈ ∆.

(35)

In the above, T qc ∆ denotes the solid tangent cone to ∆ at q, that is:
n
o
T qc ∆ ≡ z ∈ T q ∆ : zkα ≥ 0 for all α ∈ Ak with qkα = 0 .

(36)

In other words, T qc ∆ consists of the tangent vectors z ∈ T q ∆ which point towards the interior of ∆ – obviously,
T qc ∆ = T q ∆ for all q ∈ Int(∆). Consequently, a (not necessarily convex) function F : ∆ → R will be q-stable15 for
some q ∈ ∆ when F increases convexly along all rays in ∆ that emanate from q.
Clearly, strictly convex functions are q-stable with respect to their (unique) global minimum, and weakly convex
functions with a unique minimum q at the boundary of ∆ are also q-stable. In particular, both the static and ergodic
potential functions Φ, Φ are q-stable (see also [32]), so Theorems 8 and 10 are a special case of the following:
Theorem 13. Assume that the game Q ≡ Q (K, {∆k }, {φk }) admits a q-stable potential function F in the sense of
(5). Then, the replicator dynamics (20) for the marginal payoffs φkα =

∂φk
∂pkα

converge to q for any initial condition

that starts at finite K-L divergence h0 ≡ DKL (q k p(0)) from q. Moreover, for any such initial condition, there exists
a positive constant c > 0 such that:
DKL (q k p(t)) ≤ h0 e−ct

for all t ≥ 0.

(37)

Our main goal in this appendix will be to prove Theorem 13 and, in so doing, to prove Theorems 8 and 10 as
well. This will be done in a series of lemmas revolving around the so-called “evolutionary index” [30]:
X
(pkα − qkα ) φkα (p).
Lq (p) = −
k,α

(38)

∂F
, the evolutionary index can be interpreted as the directional derivative of F along the tangent
Since φkα = − ∂p
kα

direction q − p ∈ T q ∆.16 More importantly however, an easy calculation reveals that Lq is just (the negative of) the

i−1
P h
P
−1
2
.
k 1 + sinrkα (p) σα + `,k g`α p`α

14 This

channel-specific number is just χα ≡

15 The

reason for this terminology is that q will be globally evolutionarily stable for any game with potential F – see also [41].

16 This

also explains the terminology “evolutionary index”: q is evolutionarily stable if and only if Lq is positive in a neighborhood of p.
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time derivative of the relative entropy Hq with respect to the replicator dynamics (20):
 X

X ∂Hq
X
Xk
(pkα − qkα ) φkα (p). = −Lq (p)
qkα φkα (p) − P−1
pkβ φkβ (p) =
Ḣq (p) =
ṗkα = −
k
k,α
k,α ∂pkα
k,α
β

(39)

The first thing that we will show is that Lq (p) > 0 for all p ∈ ∆ \{q}; this will imply that Hq is Lyapunov for the
replicator dynamics (20), and the convergence part of Theorem 13 will follow from Lyapunov’s theorem. Indeed,
if we fix some z ∈ T qc ∆, note that (38) may be rewritten as:
X
∂F
f 0 (θ) =
zkα = θ−1 Lq (q + θz),
k,α ∂pkα
q+θz

(40)

for all sufficiently small θ > 0 such that q + θz ∈ ∆. Then, on account of (35), we obtain:
Lq (p) = θ f 0 (θ) ≥ f (θ) − f (0) = F(p) − F(q).

(41)

This last estimate shows that Lq (p) > 0 for all p , q, thus proving the convergence part of Theorem 13.
Now, the basic idea to prove the convergence time estimate (37) will be to establish an inequality of the form
Lq (p(t)) ≥ cHq (p(t)) for some positive constant c > 0; with Ḣq (p) = −Lq (p), (37) will then follow from Grönwall’s
lemma. However, to establish such an inequality, we will need to refine the estimate (41) by quite a bit, and also
to obtain an equally fine growth estimate for Hq (p).
The basic idea in refining (41) will be to show that Lq grows (at least) linearly along the directions which
are not supported in q, and (at least) quadratically along those which are supported in q. More precisely, let
Vq = {x ∈ RQ : xkα = 0 if qkα = 0} be the subspace of directions of RQ which are supported in q, and let Vq⊥ be its
orthogonal complement in the usual Euclidean (L2 ) product of RQ . Then, by decomposing z ∈ RQ as z = z∥ + z⊥
with z∥ ∈ Vq and z⊥ ∈ Vq⊥ , we may introduce two very useful seminorms k · k∥ and | · |⊥ via the equations:
X∥
z2 ,
kzk2∥ ≡ kz∥ k22 =
k,α kα
X⊥
|zkα |,
|z|⊥ ≡ kz⊥ k1 =
k,α

(42a)
(42b)

P P
where the indices 1 and 2 refer to the L1 and L2 norms of RQ respectively, and the notation ∥k,α , ⊥k,α is a shorthand
P
P
P
for summing over the directions that are in Vq and Vq⊥ (i.e., ∥k,α ≡ k,α:qkα >0 and similarly for ⊥k,α ). We then get:
Lemma 14. Let F be q-stable. Then:
Lq (p) ≥ F(p) − F(q) ≥ m |p − q|⊥ + 12 r kp − qk2∥ ,

(43)

where m = mink {φkα (q) − φkµ (q) : qkµ = 0, qkα > 0}, and r is the minimum of the Rayleigh quotient Rq+z (z) ≡
hz, M(q + z)zi/kzk2 for the Hessian M(p) =

∂2 F
∂pkα ∂p`β

of F, restricted over all z ∈ T qc ∆ such that q + z ∈ ∆.

Proof: Note first that q is the unique minimum of F, so the Karush-Kuhn-Tucker (KKT) conditions give:
φkα (q) = −
φkµ (q) = −
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∂pkα

q

∂F
∂pkµ

q

= −λk

for all α ∈ Ak such that qkα > 0,

(44a)

< −λk

for all α ∈ Ak such that qkµ = 0.

(44b)

DRAFT

23

Then, a first order Taylor estimate with Lagrange remainder readily yields:
f (θ) = f (0) + f 0 (0)θ + 12 f 00 (ξ)θ2

(45)

for some ξ ∈ (0, θ), so (43) will follow once we properly estimate the linear and quadratic terms of (45).
As far as the linear term of (45) is concerned, we have:
X∥
X⊥
X
∂F
∂F
=
zkα
+
zkα
f 0 (0) =
zkα
k,α
k,α
k,α
∂pkα q
∂pkα q
! X
X⊥
X
X∥
⊥
∂F
zkα
zkα
λk
zkα +
=
=
α
k,α
k
α
∂pkα q

∂F
∂pkα
∂F
∂pkα

q

!
− λk ≥ m |z|⊥ ,

(46)

q

P
where λk is the Lagrange multiplier of (44), the equality in the second line follows from the fact that α zkα = 0
P
P
(which implies that ⊥α zkα = − ∥α zkα ), and the last inequality is an immediate consequence of the definition of m.
Similarly, for any ξ ∈ (0, θ) and z ∈ T qc ∆, we easily get:
f 00 (ξ) =

X

X
k,`

α,β

∂2 F
∂pkα ∂p`β

D
E
zkα z`β = z, M(q + ξz)z = Rq+ξz (ξz) kzk2 ,

(47)

q+ξz

where R p (w) = w, M(p)w , p ∈ ∆, w ∈ T p ∆, denotes the Rayleigh quotient of the Hessian M of F. Hence, if r is
the minimum of Rq+w (w) over the compact set Bq = {w ∈ T qc ∆ : q + w ∈ ∆}, we will also have f 00 (ξ) ≥ rkzk2 , and
(43) follows by simply plugging the estimates (46) and (47) back into (45) and noting that kzk ≥ kzk∥ .
In light of Lemma 14, it would clearly suffice to establish an inequality of the form Hq (p) ≤ b⊥ |p−q|⊥ +b∥ kp−qk2∥
for some positive constants b⊥ , b∥ > 0. Unfortunately, such an inequality cannot hold globally, because Hq (p) blows
up whenever q is not absolutely continuous with respect to p. Still, we do get a local inequality of this type:
Lemma 15. Let q ∈ ∆. Then, for every (nonzero) z ∈ T qc ∆ and for every a > 1, the equation
X∥

Hq (q + θz) = a |z|⊥ θ + 12 a
z2kβ qkβ θ2 ,

(48)

admits a unique positive root θa ≡ θa (z). Consequently:
X∥

z2kβ qkβ θ2 for all θ ≤ θa (z).
Hq (q + θz) ≤ a |z|⊥ θ + 21 a

(49)

k,β

k,β

Proof: The proof of this lemma is a tedious (and, at times, frustrating) exercise in analysis. To simplify it
as much as possible, let h(θ) ≡ Hq (q + θz) denote the LHS of (48), and denote the RHS of the same equation
by ag(θ). Then, if we set w(θ) = h(θ) − ag(θ), we immediately obtain w(0) = 0, w0 (0) = |z|⊥ (1 − a) ≤ 0, and
P
w00 (0) = ∥k,β z2kβ /qkβ (1 − a) < 0.17 As a result, w(θ) will initially dip down to negative values, but since w blows
up to positive infinity as q + θz approaches a face of ∆ which does not support q absolutely, it follows that the
equation (48) admits at least one positive root.
To show that this root is actually unique, we will need to study higher derivatives of w. As a first step in this
direction, it is not hard to show that w(4) (θ) = h(4) (θ) > 0, which in turn implies that w00 (θ) is strictly convex.
17 Note

that the seminorm |z|⊥ vanishes if z ∈ Vq , but kzk∥ vanishes on T qc ∆ if and only if z = 0.
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However, since w00 (0) < 0 and 0 is already a root of w(θ), the mean value theorem ensures that w(θ) can have at
most two positive roots.
So, assume that w(θ) has two distinct positive roots ξ1 , ξ2 with 0 < ξ1 < ξ2 . Then, by the mean value theorem,
the existence of two positive roots ξ1 and ξ2 implies that there exist ξ10 , ξ20 with 0 < ξ10 < ξ1 < ξ20 < ξ2 such that
w0 (ξ10 ) = 0 = w0 (ξ20 ) (recall that w(0) = 0). Furthermore, since w(θ) vanishes at 0, is negative near θ = 0, and blows
up for larger θ, it follows that w changes sign exactly one time (otherwise we would have three distinct positive
roots). As a result, at least one of the positive roots ξ1 , ξ2 must be a local extremum of w. For simplicity, assume
that w0 (ξ2 ) = 0 (implying that w is positive near ξ2 ), in which case we get three distinct points (ξ10 , ξ20 and ξ2 ) where
w0 vanishes. Then, a second application of the mean value theorem similarly implies the existence of ξ100 , ξ200 with
0 < ξ100 < ξ200 such that w00 (ξ100 ) = w00 (ξ200 ) = 0. However, w00 (θ) is strictly convex and has w00 (0) < 0, so it cannot
have two distinct positive roots, a contradiction. The inequality (49) then follows from the negativity of w(θ) in the
interval (0, θa (z)).
This lemma is the first (crucial) step in the proof of Theorem 8. The next one is the following:
Lemma 16. Let p(t) be a solution trajectory of the replicator dynamics which starts with finite relative entropy
h0 = Hq (p(0)) w.r.t. the Nash equilibrium q of G. Then, there exists b > 1 such that:
Hq (p(t)) ≤ b |p(t) − q|⊥ +

b
kp(t) − qk2∥ ,
2q0

where q0 = min{qkα : qkα > 0}.
k,α

(50)

Before we delve into the actual proof of this lemma, note that for every p ∈ ∆, there exists a unique z ∈ T qc ∆
such that q + θz ∈ ∆ if and only if θ ≤ 1 – in essence, this is the tangent vector which is parallel to p − q and
which connects q to the face (or the boundary of the face) whose interior contains p. In this “projective” image,
the collection of all such vectors will be called the projective sphere around q, and will be denoted by S q :
S q = {z ∈ T qc ∆ : q + θz ∈ ∆ iff 0 ≤ θ ≤ 1}.

(51)

In its turn, this gives rise to the (uniquely defined) projective representation of any p ∈ ∆ as:
p = q + θz, z ∈ S q and 0 ≤ θ ≤ 1.

(52)

As it turns out, the ratio of lengths θ = |p − q|/|z| will be particularly useful in streamlining some of the arguments
that follow, so we will call it the projective distance of p from q.
Proof of Lemma 16: To begin with the actual proof, fix some a > 1. Then, by Lemma 15, we know that the
equation (48) admits a unique positive root θa (z), so let ha (z) = Hq (q + θa (z)z) and set ha = max{ha (z) : z ∈ S q }, S q
being the projective sphere around q. Furthermore, set hc = max{h0 , ha }, let θc (z) be the unique positive root of the
equation Hq (q + θc (z)z) = hc , and, similarly, define b(z) via the equation:
hc = b(z)g(θc (z)),
with g(θ) = |z|⊥ θ + 12

2
2
k,β zkβ /qkβ θ

P∥

(53)

as in the proof of Lemma 15. It is then easy to see that b(z) ≥ a since, otherwise,

we would have the contradictory inequality: hc = b(z)g(θc (z)) < ag(θc (z)) < h(θc (z)) = hc (note that θc (z) > θa (z) so
the inequality (49) has to be reversed).
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This argument was necessary to show that b(z) > 1, which allows us to apply Lemma 16 a second time and get:


X∥
(54)
z2kβ /qkβ θ2 ,
Hq (q + θz) ≤ b(z) |z|⊥ θ + 12
k,β

for all θ ≤ θc (z). We now claim that if p(t) = q + θ(t)z(t) is the projective decomposition of p(t) with respect to q,
then θ(t) ≤ θc (z(t)). Indeed, should this ever fail, we would have:
Hq (p(t)) > b(z(t))g(θ(t)) > b(z(t))g(θc (t)) = hc ≥ h0 ,

(55)

which contradicts the fact that Hq is Lyapunov for the replicator dynamics (20) – cf. (39).
Thus, with θ(t) ≤ θc (z(t)) for all t ≥ 0, we get:


X∥
Hq (p(t)) ≤ b(z(t)) |z(t)|⊥ θ(t) + 12
z2kβ (t)/qkβ θ2 (t) ,
k,β

(56)

and (50) follows by taking b = max{b(z) : z ∈ S q }.
After all these preliminary steps, the proof of Theorem 13 is relatively straightforward:
Proof of Theorem 13: With notation as in Lemmas 14 and 16, let c = min{m/b, rq0 /b}. We then get:
Lq (p(t)) ≥ m |p(t) − q|⊥ + 12 r kp(t) − qk2∥ ≥ cHq (p(t)),

(57)

and Grönwall’s lemma yields (finally!): Hq (p(t)) ≤ h0 e−ct . Since the KKT inequalities (44b) are strict for any direction
ekα of RQ which is not supported in q (i.e., qkα = 0), we will have m > 0 and, consequently, c > 0 as well.
All that remains is to calculate explicitly the specific form that c takes when q is strict. In that case, given that
the intersection of Vq with the tangent cone T qc ∆ is trivial, the quadratic part of the estimate (43) can safely be
ignored and some easy reshuffling yields the (simplified) inequality:
1X
Lq (p) ≥
kpk − qk k1 ∆φk ,
k
2

(58)

where ∆φk = minµ,αk {φk,αk (q) − φkµ (q)} > 0 and k · k1 denotes the L1 norm of RAk .
As is to be expected, the estimate (50) is similarly simplified as well, because we do not have to carry out the full
analysis of Lemma 16. Instead, note that the projective decomposition of any pk ∈ ∆k \{qk } will be pk = qk + θk zk
where the direction indicator zk ∈ T qck ∆k has zk,αk = −Pk . So, with pk,αk = Pk (1 − θk ), we readily obtain:
X
Hq (p) = −
Pk log(1 − θk ).
k

(59)

Now, let θk∗ be defined by the equation h0 = Hqk (qk +θk zk ), i.e., θk∗ = 1−exp(−h0 /Pk ), implying that −Pk log(1−θk ) ≤
h0 θk /θk∗ if and only if 0 ≤ θk ≤ θk∗ (because of convexity). Just as in Lemma 16, we then claim that:
X
X
Hq (p(t)) = −
Pk log(1 − θk (t)) ≤ h0
θk (t)/θk∗ ,
k

k

(60)

where θk (t) is defined via the projective decomposition pk (t) = qk +θk (t)zk (t). To see that this is so, it suffices to show
that θk (t) ≤ θk∗ for all t ≥ 0. However, if θk (t) > θk∗ for some t ≥ 0, then we would also have Hqk (pk (t)) > h0 , and,
hence, Hq (p(t)) > Hq (p(0)) as well, a contradiction – recall that Hq (p(t)) is decreasing by (39). Thus, combining
(58) and (60), we only need pick c such that Pk ∆φk ≥ ch0 /θk∗ , and the sharpest choice is:
n
o


c = mink Pk /h0 1 − e−h0 /Pk ∆φk .
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